Proof-reading

Check that whether the following method is correct or not.

Given f(x) =

X
1+x2

, x=0 ,findits

(@) optimum point(s) ;

(b) point of inflection.

(b)

(@) Let f(x)=+gkx), gkx) = ﬁ, x>0

rron _ (1+x2)@-x(x) _ 1-x2 _ — —1 is rei
g'(x) = Gx?)? = G = 0=x=1 (x=-1 isrejected)

When0<x<1, g'(x)<0 and when x>1, g'(x)>0.
By the First Derivative Test, g(x) is alocal max. when x = 1.

Local Max. of g(x) = —— =~.

Since  limy_, 1o f(X) = limy_, 100 /H%=limx_>+m /i:o and £(0)=0.

Hence, the absolute maximum of f(x) =/g(x)= \/% ~ 0.707107 when x = 1.

.. f(0) = 0 is the absolute minimum.

1-—x%2  _ 2-(1+x%) 2 1

gk = A+x2)2 . (4x2)?  (4xD)?  14x2

' _ __8x 2x _ —-8x+2x(1+x?) _ 2x(x%*-3) _
g'() = (1+x2)3  (14+x2)2 ~ (1+x2)3  (1+x2)3 0
S X = 0; i'\/§

Since x = 0, and obviously when x = 0, g(x) is not a point of inflection, - x = V3.
Also g"(x) changes sign when x goes through /3.
Therefore when g(v3) is a point of inflection.

03 = fe(V3)= | =

3

.. Point of inflection is <\/§, >




(€))] Part (a) is still correct.

_ f X reoy 1 /1+xzi X ) _ 1 (14 (14+x3)(0)-x(2%) _ 1 ’1+x2 1-x2
f(X) T of1+x2 f (X) T2 X dx (1+X2) T2 X (1+4x2)2 T2 x (1+4x2)2 0

=x=1 (x= -1 isrejected)
When0<x<1, f'(x)<0 and when x>1, f'(x)>0.
By the First Derivative Test, f(x) is alocal max. when x = 1.

Max. of f(x) = /1+112 = \E ~ 0.707107.

(b) Part (b) is NOT correct. The differentiation is a bit longer, have patenice.

/ _1 /1+x2 1-x* 1 1-%x?
F0) = 2 x (1+x2)2 2 (x%(1+x2)%>
_1x2 u? = l(ﬂ)
x%(1+x2)% ’ 4 \x(1+x2)?
du _ x(1+x2)3%(1—x2)2—(1—x2)2%x(1+x2)3 x(1+x2)°2(1-x2) (220 - (1-x2) [ (1+x2)*+3x(143%) " (20|

2u— =

dx 4x2(1+x2)6 4x2(1+x2)6

Put u=

N |-

x(1+x2)2(1-x2) (-2 (1-x2) [(1+x2)+3x(2x)] _ (1-x2){-4x?(1+x%)-(1-x?)[(1+x?)+3x(2x)]}
4x2(1+x2)* - 4x2(1+x2)*

2f" (f"(x) =

_ (1-x*)(3x*-10x%-1)
- 4x2(14x2)%

3

. 3
_ (1-x*)(3x*-10x%-1) )(7(1+x2)2 _ 3x*-10x2-1

f (X) 4X2(1+X2)4 1—x2 . %
4x2(1+x2)
) =0=3x"-10x2-1=0 = x2="27 (x>0) =x= |27
5+2V7 o 5+2v7

When x is slightly smaller than o X is slightly smaller than o

3x* —10x% — 1 is slightly smaller than 0.

When x is slightly bigger than [*2Y7, x? is slightly bigger than 227,
g - :

3x* —10x% — 1 isslightly bigger than 0.

f'(x) change sign as x goes through x = /Sfﬁ. It is a point of inflection.

4 47
f( /5+2ﬁ> = 15+6V7 , Point of inflection is ’5+2ﬁ, 15+6V7
2 /2(4+\/7) 2 /2(4+\/7)

Taking square root cannot change the optimum points of a curve (if the curve is well defined) but

may change the points of inflection of the curve.



Small exercise

Find the point of inflection of the curve:
@) y=x—-Dx(x+1)+2 ,where —-1<x<1.
(b) y=\/(x—1)x(x+1)+2,where -1<x<1.

(@ (0,2)
(b) (0.04211,1.39927)
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